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Immersion theorem for Vaisman manifolds
Liviu Ornea1, Misha Verbitsky,2
Abstract
A locally conformally Ka¨hler (LCK) manifold is a complex
manifold admitting a Ka¨hler covering M˜ , with monodromy
acting on M˜ by Ka¨hler homotheties. A compact LCK
manifold is Vaisman if it admits a holomorphic flow act-
ing by non-trivial homotheties on M˜ . We prove that any
compact Vaisman manifold admits a natural holomorphic
immersion to a Hopf manifold (Cn \ 0)/Z. As an applica-
tion, we obtain that any Sasakian manifold has a contact
immersion to an odd-dimensional sphere.
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1 Introduction
1.1 LCK manifolds: a historical overview
Locally conformally Ka¨hler (LCK) manifolds are, by definition, complex
manifolds admitting a Ka¨hler covering with deck transformations acting by
Ka¨hler homotheties. These manifolds appear naturally in complex geome-
try. Most examples of compact non-Ka¨hler manifolds studied in complex
geometry admit an LCK structure.
LCK structures appeared since 1954, studied by P. Libermann. They
came again into attention since 1976, with the work of I. Vaisman who also
produced the first compact examples: the (diagonal) Hopf manifolds (see
[DO] and the references therein).
As any Hermitian geometry, LCK geometry is encoded in the properties
of the Lee form (Definition 2.1) which, in this case, is closed. From the
conformal viewpoint, the Lee form is the connection one-form in a real line
bundle, called the weight bundle.
It became soon clear that the most tractable LCK manifolds are the
ones with parallel Lee form. We call them Vaisman manifolds because it
was I. Vaisman to introduce and study them extensively, under the name of
generalized Hopf manifolds. With the exception of some compact surfaces
(Inoue surfaces of the first kind, Hopf surfaces of Ka¨hler rank 0) which are
known to not admit Vaisman metrics (cf. [Bel]), all other known examples
of compact LCK manifolds have parallel Lee form.
The universal covering space of a Vaisman manifold bears a Ka¨hler met-
ric of a very special kind: it is a conic metric over a Sasakian manifold.
Sasakian spaces proved recently to be very important in physical theories
(see the series of papers by C.P. Boyer, K. Galicki et.al.); this further moti-
vated the interest for Vaisman manifolds.
The topology of (compact) Vaisman manifolds is very different from
that of Ka¨hler manifolds. While it was long ago known that the first Betti
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number must be odd, [Va1], it was proved only recently that Einstein-Weyl
LCK manifolds have no non-trivial holomorphic forms, [AI]. Still, nothing
is known about the topology of general LCK manifolds.
The parallelism of the Lee form is reflected in the properties of the
weight bundle: indeed, we recently proved in [OV] that the weight bundle
has monodromy Z. This allowed us to obtain the structure theorem of
compact Vaisman manifolds: they are Riemannian suspensions over the
circle with fibre a Sasakian manifold. This result can be regarded as a kind
of equivalence between Sasakian and Vaisman geometries.
Vaisman manifolds can be also viewed via the properties of their auto-
morphism group. This was done separately by F.A. Belgun and Y. Kamishi-
ma. Finally, the existence of a complex flow of conformal transformations
proved to be an equivalent definition of Vaisman structures, cf. [KO]. This
was also the approach in [GOP] where the Hamiltonian actions were con-
sidered.
In the present paper we further exploit the techniques developed in [Ve].
We adapt algebraic geometrical methods to prove an analogue of the Kodaira
embedding theorem in Vaisman geometry.
1.2 Algebraic geometry of LCK manifolds
The fundamental group π1(M) of an LCK manifold M acts on the Ka¨hler
covering M˜ by homotheties. This gives a representation ρ : π1(M)−→ R>0.
From algebro-geometric point of view, the most interesting feature of an
LCK manifold is its weight bundle L, that is, the flat line bundle with the
monodromy defined by ρ. This bundle is real, but its complexification LC
is flat, and therefore holomorphic.
Since L is a R>0-bundle, it is topologically trivial, and admits a trivi-
alization. The bundle L can be interpreted as a bundle of metrics in the
conformal class of the LCK structure on M . Each trivialization gives us a
choice of a metric on M .
Complex algebraic geometry deals mostly with the Ka¨hler manifolds.
On a compact Ka¨hler manifold X, flat line bundles are not particularly
interesting. They have no non-trivial holomorphic sections; moreover, every
flat bundle on X is induced from the Albanese map X −→Alb(X) to the
torus Alb(X).
In non-Ka¨hler complex geometry, the situation is completely different.
The weight bundle LC on a compact LCK manifold M may admit quite a
few non-trivial sections. In some cases there are so many sections that they
provide an embedding from M to a model LCK manifold, called a Hopf
3
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manifold (Definition 2.6), in a manner of Kodaira embedding theorem.
To study the bundle LC, we fix a Hermitian metric (this is done using
the Gauduchon’s theorem, see Claim 2.3), and compute the curvature Θ ∈
Λ1,1(M) of the Chern connection on LC. It turns out that all eigenvalues of
Θ are positive except one.
J.-P. Demailly’s holomorphic Morse inequalities ([De]) give strong esti-
mates of the asymptotic behaviour of cohomology
H i(LkC), k −→∞
for such bundles.
Even more interesting, the weight covering M˜ ofM admits a function ψ :
M˜ −→ R>0 which is exhausting, and all eigenvalues of the form −√−1 ∂∂ψ
are positive, except one. This function is obtained by adding the Ka¨hler
potential r = e−f of M˜ (see (2.6)) and r−1. Such a manifold is called 2-
complete. There is a great body of work dedicated to the study of q-complete
manifolds (see e.g. the survey [Co]).
The LCK manifolds are clearly an extremely interesting object of algeb-
ro-geometric study.
1.3 Vaisman manifolds
In this paper, we deal with a special kind of LCK manifolds, called Vais-
man manifolds (Definition 2.5). Among other compact LCK manifolds, the
Vaisman manifolds are characterized as admitting a holomorphic flow which
acts by non-trivial homotheties on its Ka¨hler covering (see [KO]).
The weight monodromy of a compact Vaisman manifoldM is isomorphic
to Z ([OV]). Therefore, M is a quotient M˜/Γ of a Ka¨hler manifold M˜ by
Γ ∼= Z, where Z acts on M˜ by holomorphic homotheties.
In [OV] it was proven that the Ka¨hler covering M˜ of M admits an
action of a commutative connected lie group G˜, such that the monodromy
Γ lies inside G˜. We obtain that Γ belongs to the connected component of
the group of holomorphic homotheties of M˜ . The converse is also true, by
[KO]: if Γ belongs to the connected component of the group of holomorphic
homotheties of M˜ , then M is Vaisman.
This gives the following characterization of Vaisman manifolds. Given a
Ka¨hler manifold M˜ , denote by H the connected component of the Lie group
of holomorphic homotheties, and let Γ ⊂ H, Γ ∼= Z be a group acting by
non-trivial homotheties in such a way that M := M˜/Γ is compact. Then M
is Vaisman, and, moreover, all Vaisman manifolds are obtained this way.
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1.4 Quasiregular Vaisman manifolds
Let M be a Vaisman manifold. In [Ve], the curvature Θ of the Chern
connection on the weight bundle was computed. It was shown that Θ =
−√−1 ω0, where ω0 is positive semidefinite form, with one zero eigenvalue.
The zero eigenvalue of ω0 corresponds to a holomorphic foliation Ξ on
M , called the Lee foliation. The leaves of this foliation are orbits of a
holomorphic flow on M , called the complex Lee flow (see Subsection
3.1).
When this foliation has a Hausdorff leaf space Q, one would expect that
the bundle LC is a pullback of a positive line bunlde LQ on Q. This is true
(Theorem 3.4), at least when the leaves of Ξ are compact.
Vaisman manifolds with compact leaves of the Lee foliation are called
quasiregular. The manifold Q is obtained as a quotient of a manifold by
an action of a compact group, and therefore it is an orbifold. The form ω0 on
M defines a Ka¨hler form on Q = M/Ξ. A compact orbifold equipped with
a positive line bundle is actually projective, because Kodaira embedding
theorem holds in the orbifold case ([Ba]).
This approach allows for a completely algebraic construction of quasireg-
ular Vaisman manifolds. Consider a projective orbifold Q and a positive line
bundle LQ on Q. Let M˜ be the total space of all non-zero vectors in L
∗
Q,
q ∈ R>0, and σq : LQ −→ LQ a map multiplying l ∈ LQ
∣∣∣
x∈M
by q. Denote
by Γ ∼= Z the subgroup of Aut(M˜ ) generated by σq. When M˜ is smooth, it
is Ka¨hler, because the function ψ(b) = |b|2 gives a Ka¨hler potential on M˜ .1
The quotient M := M˜/σq is clearly a Vaisman manifold; the Lee fibration
M −→M/Ξ becomes the standard projection to Q, and ths fibers of LQ are
identified with the leaves of Lee foliation. We obtain thatM is quasiregular;
moreover, all quasiregular Vaisman manifolds are obtained this way.
In a sense, the quasiregular Vaisman geometry is more algebraic than
for instance Ka¨hler geometry. Indeed, any quasiregular Vaisman manifold
is constructed from a projective manifold and an ample bundle - purely
algebraic set of data.
Consider the lifting L˜∗C of L
∗
Q to
M˜ ∼= Tot(L∗Q\0).
The points of Tot(L∗Q\0) correspond to non-zero vectors in L∗C. Therefore,
1This is true (and easy to prove) for a space of non-zero vectors in any negative bundle.
For a proof, one may check e.g. [Bes], (15.19).
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the bundle L˜∗C is equipped with a natural holomorphic non-degenerate sec-
tion τ .
Sections of LQ give, after a pullback, sections of L˜C. Evaluating these
sections on τ , we obtain holomorphic functions on M˜ . The map σq multiplies
τ by q. Therefore, sections of LQ give functions µ on M˜ which satisfy
σq(µ) = qµ. Similarly, for sections of L
k
Q, we have
σq(µ) = q
kµ. (1.1)
The bundle LQ is ample, and therefore, for k sufficiently big, Kodaira embed-
ding theorem gives an embedding Q →֒ P(H0(LkQ)). Associating to sections
of LkQ functions on M˜ as above, we obtain a morphism
M˜ −→H0(LkQ)\0 (1.2)
which maps the fibers of the Lee foliation to complex lines of H0(LkQ) and
induces an immersion. The automorphism σq acts on both sides of (1.2) as
prescribed by (1.1), and this gives an immersion M −→ (H0(LkQ)\0)/〈qk〉,
where 〈qk〉 ∼= Z denotes the abelian subgroup of Aut(H0(LkQ)) generated by
qk.
We outlined the proof of the following theorem.
Theorem 1.1: LetM be a quasiregular Vaisman manifold. ThenM admits
a holomorphic immersion to Cn\0/q, q ∈ R>1.
For a detailed proof of Theorem 1.1, see Subsection 3.3.
A similar theorem is true for general Vaisman manifolds (Theorem 5.1).
1.5 Immersion theorem for general Vaisman manifolds
To deal with a Vaisman manifold M which is not quasiregular, we look at
the Lie group G within the group of isometries of M generated by the Lee
flow (see 2.2). This group was studied at great length in [Ka] and [KO].
It is not very difficult to show that G is a compact abelian group ([KO]).
Denote by G˜ the group of automorphisms of the pair (M˜,M) and mapping to
G under the natural forgetful map Aut(M˜ ,M)−→ Aut(M) (see Subsection
4.1). It was shown in [OV] that G˜ is connected and isomorphic to R× (S1)k,
and the natural forgetful map G˜−→G is a covering.
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The deck transformation group of M˜ (denoted by Γ) lies in G˜ ([OV]; see
also Subsection 4.1).
For all sufficiently small deformations Γ′ of Γ within a complexification
G˜C ⊂ Aut(M˜ ,M), the quotient manifold M˜/Γ′ remains Vaisman (Theorem 4.5).
Moreover, one can chose Γ′ in such a way that M˜/Γ′ becomes quasiregular
(Proposition 4.6).
This is remarkable because a parallel statement in Ka¨hler geometry -
whether any Ka¨hler manifold is a deformation of a projective one - is still
unknown.
The manifold M˜ is not Stein; the existence of globally defined holomor-
phic functions on M˜ is a priori unclear. However, from the existence of
Γ′ ⊂ G˜C with M˜/Γ′ quasiregular, we obtain that M˜ admits quite a few
holomorphic functions. These functions are obtained from the sections of
powers of an ample bundle LQ on the leaf space M/Ξ (see Subsection 1.4).
Denote by γ′ : M˜ −→ M˜ the generator of Γ′, ang let q ∈ R>0 be the
monodromy of the weight bundle L. Consider the space V of holomorphic
functions µ : M˜ −→ C, γ′(µ) = qkµ. This space is identified with the space
of sections of LkQ (Subsection 1.4). We shall think of V as of eigenspace of
γ′ acting OM˜ .
Clearly, M is equipped with a natural map
M −→ V/〈qk〉. (1.3)
For k sufficiently big, the functions from V have no common zeros, and the
map (1.3) induces a holomorphic immersionM −→ (V \0)/〈qk〉 (Theorem 1.1).
We obtain that the natural map M˜ −→ (V \0) is an immersion. Denote
by γ the generator of Γ. By construction, the maps γ, γ′ : M˜ −→ M˜ belong
to the complexification G˜C. Since G˜ is commutative, γ and γ
′ commute.
Since V is an eigenspace of γ′, γ acts on V . This gives a map
M = M˜/〈γ〉 −→ (V \0)/〈γ〉.
This map is an immersion.
This way we obtain an immersion from arbitrary Vaisman manifold to a
Hopf manifold (V \0)/Z; see Theorem 5.1 for details.
This Immersion Theorem is a Vaisman-geometric analogue of the Ko-
daira embedding theorem.
1.6 Category of Vaisman varieties
Vaisman manifolds naturally form a category. In [Ts] and [Ve] it was shown
that any closed submanifoldX ⊂M of a compact Vaisman manifold is again
7
Immersion theorem for Vaisman manifolds L. Ornea and M. Verbitsky, May 30, 2003
Vaisman, assuming dimX > 0.
Define a morphism of Vaisman manifolds as a holomorphic map com-
muting with the holomorphic Lee flow. The Immersion Theorem can be
stated as follows:
Theorem 1.2: Any Vaisman manifold admits a Vaisman immersion to a
Hopf manifold.
Proof: See Theorem 5.1.
We could define Vaisman varieties as varieties immersed in a Hopf mani-
fold and equipped with the induced Lee flow, and define morphisms of Vais-
man varieties as a holomorphic map commuting with the Lee flow. This is
similar to defining projective varieties as complex subvarieties in a complex
projective space.
The Vaisman geometry becomes then a legitimate chapter of complex
algebraic geometry. In fact, the data needed to define a Vaisman submani-
fold in a Hopf manifold (a space V with a linear flow ψt = e
tA, A ∈ gl(V )
and an analytic subvariety X ⊂ V ) are classical and well known.
The Immersion Theorem suggests that Vaisman varieties have interesting
intrinsic geometry, in many ways parallel to the usual algebraic geometry.
One could ask, for instance, the following.
Question 1.3: What are the moduli spaces of Vaisman manifolds? They
are, generally speaking, distinct from the moduli of complex analytic defor-
mations: not every complex analytic deformation is Vaisman.
Question 1.4: Is there a notion of stable holomorphic bundle on a Vaisman
manifold? What are the moduli of holomorphic bundles?
Question 1.5: Given a singular Vaisman variety (that is, a subvariety of a
Hopf manifold), do we have a resolution of singularities within Vaisman cate-
gory? Given a holomorphic map of Vaisman varieties, is it always compatible
with the Lee field? What are the birational maps of Vaisman varieties?
Question 1.6: Consider a Vaisman manifoldM , dimM = n, with canonical
bundle isomorphic to n-th degree of a weight bundle. Is there an Einstein-
Weyl2 LCK metric on M? This will amount to a Vaisman analogue of the
2Please consult [CP] or [Or] for a reference to Eistein-Weyl LCK structures.
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Calabi-Yau theorem.
2 LCK manifolds
In this Section we give a brief exposition of Vaisman geometry, following
[DO], [KO], [Ve].
2.1 Differential geometry of LCK manifolds
Throughout this paper (M, I, g) will denote a connected Hermitian mani-
fold of complex dimension m > 2, with fundamental two-form defined by
ω(X,Y ) = g(X, IY ).
Definition 2.1: (M, I, g) is called locally conformal Ka¨hler, LCK for
short, if there exists a global closed one-form θ satisfying the following inte-
grability condition:
dω = θ ∧ ω. (2.1)
The one-form θ is called the Lee form and its metric dual field, denoted
θ♯, is called the Lee field. Locally we may write θ = df , hence the local
metric e−fg is Ka¨hler, thus motivating the definition.
Te pull-back of θ becomes exact on the universal covering space Mˆ .
The deck transformations of Mˆ induce homotheties of the Ka¨hler manifold
(Mˆ , e−fg). We obtain that (M, I, g) is LCK if and only if its universal
covering admits a Ka¨hler metric, with deck transformations acting by ho-
motheties. This is in fact true for any covering M˜ such that the pullback of
θ is exact on M˜ . For such a covering we let H(M˜) denote the group of all
holomorphic homotheties of M˜ and let
ρ : H(M˜ )−→ R>0 (2.2)
be the homomorphism which associates to each homothety its scale factor.
LCK manifolds are examples of what is called a Weyl manifold. Recall
that Weyl manifold is a Riemannian manifold (M,g) admitting a torsion-free
connection which satisfies
∇(g) = g ⊗ θ, (2.3)
9
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or, equivalently, preserves the conformal class of g. For a detailed overview of
Weyl geometry, see [CP] and [Or]. A Weyl connection on an LCK manifold
is provided by the Levi-Civita connection ∇LC on its Ka¨hler covering M˜ .
The deck transforms of M˜ multiply the Ka¨hler metric by constant, hence
commute with ∇LC . This allows one to pushdown ∇LC to M . Clearly, ∇LC
preserves the conformal class of g, hence satisfies (2.3).
Definition 2.2: Let (M,∇, g) be a Weyl manifold. The real line bundle
assciated to the bundle of linear frames of (M,g) by the representation
GL(n,R) ∋ A 7→ |detA| 1n is called the weight bundle of M .
The Weyl connection induces a flat connection, also denoted ∇, in L.
Its connection 1-form can be identified with θ, hence (L,∇) is a flat bundle.
Usually one has no way to choose a specific metric in a conformal class,
hence to trivialize L. But on compact LCK manifolds one has such a possi-
bility due to a result of Gauduchon:
Claim 2.3: [Ga] Let ([g],∇) be a Weyl structure on a compact manifold.
There exists a unique (up to homothety) metric in [g] with coclosed Lee
form.
Clearly, any metric conformal with a LCK one is still LCK (with respect
to a fixed complex structure), so that we can give:
Definition 2.4: The unique (up to homothety) LCK metric in the confor-
mal class [g] of (M, I, g) with harmonic associated Lee form is called the
Gauduchon metric.
Note that the Gauduchon metric endowes L with a trivialization l.
2.2 Vaisman manifolds
The typical example of LCK manifold, is the diagonal Hopf manifold Hα :=
(Cn \ 0)/Z where Z is generated by z 7→ αz, |α| 6= 0, 1. The LCK metric is
here |z|−2∑ dzi ⊗ dzi with Lee form given (locally) by −d log |z|2 and one
can check that it is parallel with respect to the Levi Civita connection of
the LCK metric. Manifolds with such structure were intensively studied by
Vaisman under the name of generalized Hopf manifolds which later proved
to be inappropriate. So that we adopt the following:
10
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Definition 2.5: A LCK manifold (M, I, g) with parallel Lee form is called
a Vaisman manifold.
Every Hopf surface admits a LCK metric, [GO], but the Hopf surfaces
with Ka¨hler rank 0 do not admit Vaisman metrics, [Bel]. The construction
in [GO] was generalized in [KO] where Vaisman metrics were found on man-
ifolds HΛ := (C
n \0)/Z with Λ = (α1, . . . , αn), αi ∈ C, |α1| > · · · > |αn| > 1
and Z generated by the transformations (zj) 7→ (αjzj).
Definition 2.6: A linear operator on a complex vector space V is called
semisimple if it can be diagonalized. Given a semisimple operator A :
−→B with all eigenvalues |αi| > 1, the quotient HΛ := (V \0)〈A〉 described
above is called a Hopf manifold.
The Vaisman structure on HΛ is intimately related by a diffeomorphism
between this manifold and S1 × S2n−1 to a specific Sasakian structure of
the odd sphere. For an up to date introduction in Sasakian geometry we
refer to [BG1] ; here we just recall that (X,h) is Sasakian if and only if the
cone (C(X) := X × R>0, dt2 + t2h) is Ka¨hlerian. The example of the Hopf
manifold is not casual: the total space of any flat S1 bundle over a compact
Sasakian manifold can be given a Vaisman structure. Recently, the following
structure theorem was proved:
Theorem 2.7: [OV] Any compact Vaisman manifold is a Riemannian sus-
pension with Sasakian fibers over a circle, and conversely, the total space of
such a Riemannian suspension is a compact Vaisman manifold.
The proof of this structure theorem relies on the following particular
property of the weight bundle that we shall use also in the present paper:
Theorem 2.8: [OV] The weight bundle of a compact Vaisman manifold has
monodromy Z.
An LCK metric with parallel Lee form on a compact manifold neces-
sarily coincides with a Gauduchon metric. Moreover, on compact Vaisman
manifolds (M, I, g), the group Aut(M) of all conformal biholomorphisms
coincides with Iso(M,g), [MPPS], the isometry group of the Gauduchon
metric, thus being compact.
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We recall that on a Vaisman manifold, the flow of the Lee field (which we
call Lee flow) is formed by holomorphic isometries of the Gauduchon metric.
The same is true for the flow of the anti-Lee field Iθ♯. We shall denote by
G the real Lie subgroup of Aut(M) generated by the Lee flow.
Definition 2.9: The covering π : M˜ −→M associated with the monodromy
group of L is called the weight covering of M .
We let Aut(M˜ ,M) be the group of all conformal automorphisms of M˜
which make the following diagram commutative:
M˜
f˜−−−−→ M˜
π
y
yπ
M
f−−−−→ M
(2.4)
By the above, Aut(M˜ ,M) is nonempty, as it contains the Lee flow. For
further use let
Φ : Aut(M˜,M)−→ Aut(M) (2.5)
be the forgetful map.
Much of the geometry of a LCK manifold, especially of a Vaisman mani-
fold, can be expressed in terms of the two-form ω0 = d
cθ, where dc = −IdI,
introduced and studied in [Ve]. It is semipositive, its only zero eigenvalue
being in the direction of the Lee field. To further understand ω0, consider the
complexified bundle LC := L⊗RC. The (0, 1) part of the complexified Weyl
connection endowes this complex line bundle with a holomorphic structure.
We also equip LC with a Hermitian structure such that to normalize to 1
the length of the trivialization l. Whenever we refer to LC, we implicitely
refer to this holomorphic and Hermitian structure. In this setting, the form
ω0 has the following geometric meaning:
Claim 2.10: [Ve, Th. 6.7] The curvature of the Chern connection of LC is
equal to −2√−1 ω0.
We end this section by recalling from [Ve, Pr. 4.4] that if the Lee form
of a Vaisman manifold is exact, θ = df , then the function r := e−f is a
potential for the Ka¨hler metric rω, i.e.
rω = ddcr. (2.6)
12
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3 Quasiregular Vaisman manifolds
3.1 Quasiregular Vaisman manifolds and the weight bundle
As the Lee field is Killing and holomorphic on a Vaisman manifold, the
distribution locally generated by θ♯ and Iθ♯ defines a holomorphic, Rieman-
nian, totally geodesic foliation Ξ that we call the Lee foliation. Its leaves
are elliptic curves (cf. [Va1]).1 The leaves of Ξ are identified with the orbits
of a holomorphic flow generated by θ♯; this flow is called the complex Lee
flow.
Definition 3.1: A Vaisman manifold is called:
• quasiregular if Ξ has compact leaves. In this case the leaf space
M/Ξ is a Hausdorff orbifold.
• regular if it is quasiregular and the quotient map M −→M/Ξ is
smooth.
Combining results from [Va1] and [Ve], we can state:
Claim 3.2: Let M be a quasiregular Vaisman manifold and let Q be the
leaf space of the Lee foliation. Then Q is a Ka¨hler orbifold and the pull-back
of its Ka¨hler form by the natural projection coincides with ω0.
Definition 3.3: Let M be a quasiregular Vaisman manifold and denote
f :M −→Q the above associated fibration. Then f :M −→Q is called the
Lee fibration of M .
Let f∗LC −→Q be the push-forward of the bundle LC. The main result
of this Subsection is the following Theorem.
Theorem 3.4: Let M be a compact quasiregular Vaisman manifold, and
let f : M −→Q its Lee fibration. Then LC is trivial along the fibers of f :
the natural map
LC −→ f∗f∗LC (3.1)
1Some algebraic geometers prefer to distinguish between “compact 1-dimensional com-
plex tori” and “elliptic curves” (compact 1-dimensional complex tori with a marked point).
The compact fibers of the Lee foliation are, in this terminology, compact 1-dimensional
complex tori.
13
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is an isomorphism.
Proof: The statement of Theorem 3.4 is local on Q. Since f is proper,
it suffices to prove that LC is trivial on f
−1(U), for a sufficiently small
U ⊂ Q. Indeed, for any proper map with connected fibers, a pushforward
of a structure sheaf is a structure sheaf, hence the equation (3.1) is true for
trivial bundles.
Let M˜ be the weight covering of M . The lifting L˜C of LC to M˜ is flat
and has trivial monodromy. Therefore, L˜C is trivialized, in a canonical way.
This allows us to interpret sections of L˜C as holomorphic functions on M˜ .
A function µ : M˜ −→ C of L˜C is lifted from LC if and only if it satisfies the
following monodromy condition:
γ(µ) = qµ, (3.2)
where γ : M˜ −→ M˜ is the generator of the deck transformation group of
M˜ , and q ∈ End(L) = R>0 the corresponding monodromy action.
The fibers of f are elliptic curves and coincide with the orbits of GC,
the group generated by the complex Lee flow. For any orbit C ⊂ M , the
corresponding covering C˜ ⊂ M˜ is isomorphic to C∗, with γ acting on C˜ ∼= C∗
as a multiplication by q. After this identification, the equation (3.2) is
rewritten as
µ(qz) = qµ(z), z ∈ C˜ = C∗. (3.3)
A function on C∗ satisfying (3.3) must be linear. We obtain that the Lee
field acts linearly on all functions satisfying (3.2):
Lieθ♯(µ) = log q · µ. (3.4)
This is an ordinary differential equation. Using the uniqueness and existence
of solutions of ODE, we arrive at the following claim.
Claim 3.5: Let M be a quasiregular Vaisman manifold, GC the complex
Lie group generated by the Lie flow, f : M −→Q the quotient space,
Q = M/GC, and U ⊂ M the slice of f , that is, a submanifold of M
(not necessarily closed in M) such that the restriction f
∣∣∣
U
: U −→Q is an
open embedding. Consider the Vaisman manifold MU := f
−1(f(U)). Pick
a trivialization µU of LC
∣∣∣
U
(this is possible to do if U is sufficiently small).
This gives a trivialization of LC on MU .
Proof: We solve the ODE (3.4) with an initial condition µ
∣∣∣
U
= µU . The
solution gives a trivialization of LC as the above argument indicates.
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Return to the proof of Theorem 3.4. A slice of the action of GC exists
at any point x ∈ M where GC acts smoothly, that is, for all points x ∈ M
which are not critical points of f : M −→Q. Using Claim 3.5, we obtain
a trivialization needed in Theorem 3.4 for all regular Vaisman manifolds
(regular Vaisman manifolds are precisely those manifolds for which f is
smooth). When M is only quasiregular, we use the orbifold covering to
reduce Theorem 3.4 to regular case, as follows.
Let x ∈ Q be a critical value of f . Since Theorem 3.4 is local, we may
replace Q with a sufficiently small neighbourhood of U ∋ x, and M with
f−1(U). Since f is an orbifold morphism, it admits a finite covering by a
smooth morphism of manifolds M ′
f ′−→ Q′ such that the horizontal maps
of the Cartesian square
M ′
τM−−−−→ M
f ′
y
yf
Q′
τ−−−−→ Q
are etale in the orbifold category2. The Vaisman manifoldM ′ is by construc-
tion regular. Choosing Q sufficiently small, we may insure that f ′ admits a
slice satisfying the assumptions of Claim 3.5. Then the lift L′C of LC to M
′
is a trivial bundle. Denote by G the Galois group of τ , that is, the orbifold
deck transform group of the covering τ : Q′ −→Q. The group G acts on
the pushforward τM ∗L
′
C, and we have
LC = (τM ∗L
′
C)
G ,
where (·)G denotes the sheaf of G-invariants. Since L′C is trivial, the bundle
LC is isomorphic to (τM ∗OM ′)G . This bundle is trivial, because τM is etale.
We proved that LC is trivial, locally in Q. Theorem 3.4 is proven. The same
argument shows that the natural Hermitian structure on LC ∼= f∗f∗LC is
lifted from the Hermitian structure on the bundle f∗LC.
3.2 Kodaira-Nakano theorem for quasiregular
Vaisman manifolds
Let M be a compact quasiregular Vaisman manifold, LC the weight bun-
dle, and C = −2√−1 ω0 the curvature of the Chern connection in LC
2Locally we have τ : V ′/G′ −→ V/G for some open sets V , V ′ and finite groups G′,
G. Moreover, V can be chosen simply connected. By etale in the orbifold category we
understand that the induced map V −→ V ′ is etale
15
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(Claim 2.10). It was shown in [Ve] that ω0 is obtained as a pullback of
a Ka¨hler form on Q:
ω0 = f
∗ωQ.
Proposition 3.6: LetM be a quasiregular Vaisman manifold, f : M −→Q
the Lee fibration, LC the weight bundle and LQ := f∗LC the corresponding
line bundle on Q, equipped with the Chern connection. Then
CQ = −2
√−1 ωQ.
In particular, LQ is ample.
Proof: The Hermitian bundle LQ is equipped with a natural Hermitian
metric h, such that the metric on LC = f
∗LQ is a pullback of h (see
Theorem 3.4). Therefore, the Chern connection ∇C on LC is lifted from
LQ. The curvature of ∇C is −2
√−1 ω0, as Claim 2.10 implies. The form
−2√−1ω0 is a pullback of −2
√−1ωQ. (Claim 3.2). This proves Proposition 3.6.
From Proposition 3.6 and the Kodaira embedding theorem for orbifolds
(cf. [Ba]), we obtain the following result
Corollary 3.7: Let M be a compact quasiregular Vaisman manifold, f :
M −→Q the Lee fibration and LC the weight bundle. Then, for k suffi-
ciently big, the bundle LkC has no base points, and defines a natural map
lk : M −→ CPn−1, in a usual way (dimH0(LkC) = n). Moreover, lk is
factorized through f : M −→Q:
lk = lk ◦ f, lk : Q−→ CPn−1.
and lk : Q−→ CPn−1 is an embedding.
3.3 Immersion theorem for quasiregular Vaisman manifolds
The Kodaira theorem (Corollary 3.7) implies the following Immersion The-
orem for quasiregular Vaisman manifolds.
Recall that the weight bundle L is equipped with a flat connection. Con-
sider the weight covering M˜ −→M associated with the monodromy group of
L. By definition, M˜ is the smallest covering such that the pullback L˜ of L to
M˜ has trivial monodromy. Since L˜ is a flat bundle with trivial monodromy,
it has a canonical trivialization.
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Let l1, l2, ... , ln be a basis in the space H
0(LkC). Since L˜ is equipped
with a canonical trivialization, li gives a function λi : M˜ −→ C. Since l1, l2,
... , ln induce an embedding Q →֒ CPn−1, the functions λi have no common
zeros. Together these function define a map
λ˜ : M˜ −→ Cn\0. (3.5)
The monodromy group Γ of L is isomorphic to Z ([OV]; see also Subsection
4.1). Denote by γ its generator, and let q ∈ Aut(L) ∼= R>0 be the action
of γ on the fibers of LC. A holomorphic section l˜ of L˜
k
C is obtained as a
pullback from a section of LkC if and only if
γ(l˜) = qk l˜, (3.6)
where γ : H0(L˜kC)−→H0(L˜kC) is the natural equivariant action of γ ∈ Γ on
L˜kC.
Now return to the map (3.5). The eigenspace property (3.6) implies that
the following square is commutative
M˜
λ˜−−−−→ Cn\0
γ
y
ymult. by qk
M˜
λ˜−−−−→ Cn\0
(3.7)
Therefore, λ˜ is obtained as a covering for a map λ : M −→ (Cn\0/〈qk〉) to
a Hopf manifold. We also have a commutative square of Lee fibrations
M
λ−−−−→ (Cn\0/〈qk〉)
f
y
y
Q
lk−−−−→ CPn−1.
(3.8)
The map lk is by construction an embedding, hence λ maps different fibers
of f to different Lee fibers of the Hopf manifold
(
C
n\0/〈qk〉). Both sides
of (3.8) are Lee fibrations, with fibers isomorphic to 1-dimensional compact
tori, with the affine coordinates provided by the sections of the weight bun-
dle. The map λ is by construction compatible with affine structure on these
fibers. Therefore, λ induces a finite covering on the fibers of Lee fibrations
of (3.8). We obtain the following theorem.
Theorem 3.8: LetM be a compact quasiregular Vaisman bundle. ThenM
admits a holomorphic immersion λ : M −→ (Cn\0/〈qk〉) to a (diagonal)
17
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Hopf manifold. Moreover, λ is etale to its image, that is, induces a finite
covering from M to λ(M).
In the rest of this paper we generalize this result to arbitrary (not nec-
essarily quasiregular ) compact Vaisman manifolds.
4 The group generated by the Lee flow and its
applications
4.1 The groups G, G˜ generated by the Lee flow
Definition 4.1: Let G be the smallest Lie subgroup of Aut(M) containing
the Lee flow and let G˜ be its lift to the weight covering M˜ .
It is easy to see that G is compact and abelian (see [KO]). Therefore,
G ∼= (S1)k. In [OV] it was shown that
G˜ ∼= (S1)k−1 × R, (4.1)
and the (restriction of) natural forgetful map G˜
Φ−→ G (cf. (2.5)) is a
covering . The group Γ of deck transformations of M˜ is clearly isomorphic
to ker Φ. Therefore, (4.1) implies
Γ ∼= Z. (4.2)
4.2 Complexification of G˜
Consider the Lie algebra Lie(G˜) ⊂ H0(TM˜). The vector fields in Lie(G˜) are
holomorphic, because the Lee flow is holomorphic. Let G˜C ⊂ Aut(M˜ ) be
the complex Lie group generated by G˜ and acting on M˜ . Clearly, Lie(G˜C) =
Lie(G˜) + I(Lie(G˜)), where I ∈ End(TM˜) is the complex structure operator
on M˜ .
This operation is called complexification of the Lie group G˜. In the
same way, a complexification can be performed for any real Lie group acting
on a complex manifold by holomorphic diffeomorphisms.
By Remmert-Morimoto theorem, a complex connected abelian Lie group
is isomorphic to
(C∗)l1 × Cl2 × T, (4.3)
18
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where T is a compact complex torus ([Mo]). A Lie group G is called linear
if it has an exact complex representation G →֒ GL(n,C). Clearly, an abelian
group G is linear if G ∼= (C∗)l1 × Cl2 .
Lemma 4.2: LetM be a compact Vaisman manifold, M˜ its weight covering,
and G˜C the complex Lie group generated by the Lee flow as above. Then
G˜C is linear .
Proof: Consider the action of G˜C in M˜ . Since G˜C ⊂ Diff(M˜), a general
orbit X of G˜C is isomorphic to G˜C. Since M˜ is equipped with a Ka¨hler
potential, the manifold X ∼= G˜C is also equipped with a Ka¨hler potential.
Therefore, G˜C does not contain a non-trivial compact complex torus.
Proposition 4.3: Let M be a compact Vaisman manifold, M˜ its weight
covering, and G˜C the complex Lie group generated by the Lee flow as above.
Then G˜C ∼= (C∗)l, for some l.
Proof: Denote by G˜0 the group of all g ∈ G˜ satisfying ρ(g) = 1, where
ρ : G˜−→ R>0 is the map defined in (2.2). Since G˜ ∼= (S1)k−1 × R, and
ρ : G˜−→ R is surjective1, we have G˜0 ∼= (S1)k−1. Denote by G˜K the
Lie subgroup of G˜C generated by G˜0 and e
tI(θ♯), t ∈ R, where I(θ♯) is the
complex conjugate of the Lee field. It is easy to see (see e.g. [DO, Pr. 4.3])
that etI(θ
♯) acts on M by holomorphic isometries and preserves the Ka¨hler
metric on M˜ .2 Therefore, the forgetful map Φ : G˜K −→ Aut(M) sends G˜K
to isometries of M .
The following elementary claim is used to prove Proposition 4.3.
Claim 4.4: Let M be a compact Vaisman manifold,
G˜K ⊂ Aut(M˜,M)
the group defined above, and
Φ : G˜K −→ Iso(M) (4.4)
the forgetful map from G˜K to the group of isometries of M . Then Φ :
G˜K −→ Iso(M) is a monomorphism.
1The Lee flow acts by non-trivial homotheties on the Ka¨hler form.
2The last statement is clear because Iθ♯ is Killing and if θ = df , then LIθ♯(e−fg) =
Iθ♯(e−f )g = −e−fθ(Iθ♯)g = 0.
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Proof: Let ν ∈ kerΦ. Since ν does not act on M , ν belongs to the deck
transformation group of M˜ . Unless ν is trivial, ν acts on M˜ by non-trivial
homotheties of the Ka¨hler form. However, G˜K is generated by G˜0 and e
tI(θ♯),
and these diffeomorphisms preserve the Ka¨hler metric on M˜ . Therefore, the
group G˜K preserves the Ka¨hler metric on M˜ , and ν is trivial.
Return to the proof of Proposition 4.3. The group G˜ ∼= (S1)k × R is
generated by G˜0 ∼= (S1)k and etθ♯ , and G˜K is generated by G˜0 and etI(θ♯)
Therefore the complexification of G˜K coincides with the complexification of
G˜.
By Claim 4.4, G˜K is a subgroup of the group of isometries of M , and
therefore it is compact. A compact subgroup of a complex linear Lie group is
totally real, that is, its Lie algebra does not intersect its complex conjugate.
Now, G˜C is a complexification of its totally real subgroup G˜K ; therefore,
G˜K is a real form of G˜C. A complex linear connected abelian Lie group
with compact real form is isomorphic to (C∗)n, as the Morimoto-Remmert
classification theorem implies (see (4.3)). This proves Proposition 4.3.
4.3 LCK manifolds associated with Γ′ ⊂ G˜C
LetM be a compact Vaisman manifold, M˜ its weight covering, G, G˜, G˜C the
Lie groups defined in Subsection 4.1 and Subsection 4.2. By construction,
M = M˜/Γ, where Γ ∼= Z is a subgroup of G˜ ⊂ Aut(M˜,M). Let γ ∈ Γ be a
generator of Γ.
Theorem 4.5: In the above assumptions, consider an element γ′ ⊂ G˜C
generating an abelian group Γ′ ⊂ G˜C. Then, for γ′ sufficiently close to
γ ∈ G˜C, the quotient space M˜/Γ′ is a compact Vaisman manifold. Moreover,
the Lee field of M˜/Γ′ is proportional to v′ := log γ′ ∈ Lie(G˜C). 3
Proof: Let v denote the Lee field θ♯ of M lifted to M˜ . The Ka¨hler form
on M˜ has a potential ϕ (see [Ve, Pr. 4.4] and the end of Section 2), which
can be written as ϕ := |v|2. If γ is sufficiently close to γ′, then ϕ′ := |v′|2
is also plurisubharmonic and gives a Ka¨hler potential on M˜ . Denote by ω′
the corresponding Ka¨hler metric on M˜ :
ω′ :=
√−1 ∂∂|v′|2
3The group G˜C is connected and its exponential map is surjective, hence a definition
of the logarithm is possible.
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Consider the differential flow ψ′t associated with the vector field v
′. Clearly,
ψ′t = e
tv′ multiplies v′ by a number et. Therefore, ψ′t maps |v′|2 to e2t|v′|2.
We obtain that ψ′t preserves the conformal class of the Ka¨hler metric ω
′.
This implies that the quotient M˜/Γ′ = M˜/ψ′t is LCK. By construction, v
′
is the Lee field of M˜/Γ′, hence M˜/Γ′ is Vaisman. This proves Theorem 4.5.
We also obtain that M˜/Γ′ is Vaisman (in particular LCK) whenever the
function
ψ′ := | log γ′|2
is strictly plurisubharmonic.4
4.4 Quasiregular Vaisman manifolds obtained as deforma-
tions
Let M be a compact Vaisman manifold and G˜C ∼= (C∗)l the complex Lie
group constructed in Subsection 4.2. As we have shown, G˜C has a compact
real form G˜K . This allows as to equip the Lie algebra
Lie(G˜C) = Lie(G˜K)⊗ C
with a rational structure, as follows. Given δ ∈ Lie(G˜K), we say that δ is
rational if the corresponding 1-parametric subgroup etδ ⊂ G˜K is compact.
Clearly, this gives a rational lattice in Lie(G˜K), and hence in Lie(G˜C). This
rational lattice corresponds to an integer lattice of all
{δ ∈ Lie(G˜K) | eδ = 1}.
A complex 1-parametric subgroup eλδ ⊂ G˜C is isomorphic to C∗ if and
only if the line λδ ⊂ Lie(G˜C) is rational (contains a rational point); oth-
erwise, eλδ is isomorphic to C. This is clear, because the kernel of the
exponential map consists exactly of integer elements within Lie(G˜K).
Proposition 4.6: Let M be a compact Vaisman manifold, M˜ its weight
covering and G, G˜, G˜C the Lie groups defined above. Denote by Γ ⊂ G˜ the
weight monodromy group generated by γ ∈ G˜. Take γ′ ∈ G˜C, sufficiently
close to γ, in such a way that the quotient M˜/〈γ′〉 is a Vaisman manifold
(see Theorem 4.5). Assume that the line C log γ′ is rational.5 Then M˜/〈γ′〉
is quasiregular.
4A function f is called strictly plurisubharmonic if and only if the 2-form
√−1∂∂f
is Ka¨hler .
5Such γ′ are clearly dense in G˜C, because the set of rational points is dense.
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Proof: Since γ′ is close to γ /∈ G˜K , we may assume that γ′ does not
lie in the compact subgroup G˜K ⊂ G˜C. Denote by v′ the vector log γ′,
and let v′′ = λ0v
′ be the integer point on the line Cv′ which exists by our
assumptions. Since v′′ ∈ Lie(G˜K), the coefficient λ0 is not real.
Consider the holomorphic Lee flow ψ′λ = e
av′ on M˜/〈γ′〉. Clearly, ψ′a acts
on M trivially for a = 1 (because ev
′
= γ′) and a = a0 (because v
′′ = a0v
′ is
integer in Lie(G˜K). Therefore, the Lee flow is factorized through the action
of a compact Lie group C/〈1, a0〉, and has compact orbits. We proved that
M˜/〈γ′〉 is quasiregular.
5 Immersion theorem for general Vaisman mani-
folds
The main result of this paper is the following
Theorem 5.1: Let M be a compact Vaisman manifold. Then M admits
an immersion M
λ−→ HΛ to a Hopf manifold. Moreover, λ is compatible
with the action of the Lee flow on M and HΛ, and induces a finite covering
λ : M −→ λ(M) from M to its image.
Remark 5.2: The converse statement is also true: given a compact sub-
manifold X ⊂ HΛ, dimX > 0, the manifold X is LCK (which is clear from
the definitions) and Vaisman (see [Ve], Proposition 6.5).
Remark 5.3: Theorem 3.8 (Immersion Theorem for quasiregular Vaisman
manifolds) is a special case of Theorem 5.1.
Proof of Theorem 5.1: Let M˜ be the weight covering of M , Γ ∼= Z
its deck transform group, M ∼= M˜/Γ, and let γ be a generator of Γ. By
Proposition 4.6, there exists γ′ ∈ G˜C ⊂ Aut(M˜ ,M) sufficiently close to γ,
such that the quotient M ′ := M˜/〈γ′〉 is a quasiregular Vaisman manifold.
Applying the same argument we used to construct (3.7), we find an immer-
sion
λ′ : M˜ −→ Cn\0
with the following properties.
(i) λ′ is a finite covering of its image
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(ii) λ′ is a map associated with the space H0(M ′, LkC) of all holomorphic
functions on M˜ which satisfy the following condition
H0(M ′, LkC) = {χ : M˜ −→ C | χi ◦ γ′ = qkχ} (5.1)
where q > 1 is monodromy action of γ′ in the weight bundle on M ′.
By construction, γ and γ′ commute (they both sit in the same commutative
group G˜C; see Subsection 4.4). Therefore, the action of γ on M˜ preserves
the space (5.1). This gives a commutative square
M˜
γ−−−−→ M˜
λ′
y
yλ′
H0(M ′, LkC)
λ′(γ)−−−−→ H0(M ′, LkC).
(5.2)
If γ′ is chosen sufficiently close to γ, the action of λ′(γ) on H0(M ′, LkC) will
be sufficiently close to qk, which can be chosen arbitrarily big. Therefore,
we may assume that all eigenvalues of λ′(γ) are > 1. This implies that
H :=
(
H0(M ′, LkC)\0
)
/λ′(γ)
is a well-defined complex manifold. From (5.2) we obtain an immersion
M˜/〈γ〉 −→
(
H0(M ′, LkC)\0
)
/λ′(γ),
that is, an immersion of M to H which is a finite covering of its image.
To finish the proof of Theorem 5.1, it remains to show that H is a Hopf
manifold, that is, to show that the operator λ′(γ) is semisimple (Definition 2.6).
This is implied by the following claim.
Claim 5.4: Let M be a compact Vaisman manifold, M˜ its weight covering,
and G˜C the complex Lie group acting on M˜ as in Subsection 4.2. Take
arbitrary elements γ, γ′ ∈ G˜C, and denote by Vγ′ the vector space of all
holomorphic functions f : M˜ −→ C satisfying
f ◦ γ′ = qkf.
Assume that Vγ′ is finite-dimensional. Then the natural action of γ on Vγ′
is semisimple.
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Proof: Consider the natural action of G˜C on M˜ . This action is holomorphic
and commutes with γ′, hence G˜C acts on Vγ′ . Now, γ ∈ G˜C is an element of a
group G˜C ∼= (C∗)n acting on a finite-dimensional vector space. All elements
of a subgroup G ⊂ GL(n,C), G ∼= (C∗)n are semisimple, as an elementary
group-theoretic argument shows. Therefore, γ is semisimple. Claim 5.4 is
proven and H is in fact a Hopf manifold HΛ. This proves Theorem 5.1.
Remark 5.5: It follows from [Va1, Th. 5.1], [Ts, Th. 3.2] and [Ve, Pr.
6.5] that the metric induced on M by the above holomorphic immersion is
a Vaisman metric. But it doesn’t necessarily coincide with the initial one.
Hence the immersion is not isometric.
6 Applications to Sasakian geometry
As a by-product of the immersion theorem for compact Vaisman manifolds,
we derive a similar result for compact Sasakian manifolds, the model space
now being the odd sphere equipped with a generally non-round metric and
with a Sasakian structure obtained by deforming the standard one by means
of an S1 action (see [KO]). We briefly recall this construction:
Let S2n−2 be the unit sphere of Cn endowed with its standard round
metric and contact structure η0 =
∑
(xjdyj − yjdxj). Let also J denote the
almost complex structure of the contact distribution. Deform η0 by means
of an action of S1 by setting ηA =
1∑
aj |zj |2
η0, for 0 < a1 6 a2 · · · 6 an. Its
Reeb field is RA =
∑
aj(xj∂yj − yj∂xj). Clearly, η0 and ηA underly the
same contact structure. Finally, define the metric gA as follows:
• gA(X,Y ) = dηA(IX, Y ) on the contact distribution ;
• RA is normal to the contact distribution and has unit length.
It can be seen that S2n−1A := (S
2n−1, gA) is a Sasakian manifold. If all the aj
are equal, this structure corresponds to a homothetic transformation along
the contact distribution (a D-homothetic transformation in the terms of S.
Tanno [Ta]).
The Hopf manifold HΛ, with λj = e
−aj , is obtained by identifying
S2n−1A × R with Cn \ 0 by means of the diffeomorphism (zj , t) 7→ (e−aj tzj).
In particular, the Lee form of HΛ can now be identified with −dt, hence the
Lee flow corresponds to the action of the S1 factor.
Let now (X,h) be a compact Sasakian manifold. Then the trivial bundle
M = X × S1 has a Vaisman structure (I, g) which is quasiregular if the
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Reeb field ξ of X (which, on M , corresponds to Iθ♯), determines a regular
foliation. From Theorem 5.1, M is immersed in a Hopf manifold HΛ and
the immersion commutes with the action of the respective Lee flows. As the
Lee field of HΛ is induced from the action of the S
1 factor, the immersion
descends to an immersion of Sasakian manifolds f : X −→ S2n−1A . If the
Reeb field if X is regular, then M is quasiregular and HΛ is a diagonal Hopf
manifold, hence all aj are equal.
Note that the Reeb field of X corresponds on the Vaisman manifold
M to the anti-Lee field Iθ♯. As the holomorphic immersion of Vaisman
manifolds preserves the Lee field, the induced immersion at the Sasakian
level preserves the Reeb fields (still not being an isometry).
On the other hand, recall that, by construction, the restriction of the
complex structure I to the contact distribution D of X coincides with the
natural CR-structure of X (see [DO]). Hence, any X ∈ Γ(D) is of the form
X = IY with Y ∈ Γ(D) and, as df commutes with I, we have gA(dfX,RA) =
gA(dfIY,RA) = gA(I0dfY,RA) = 0, because I0RA = 0 by on S
2n−1
A . Thus
dfX belongs to the contact distribution of S2n−1A .
Summing up we proved:
Theorem 6.1: Let X be a compact Sasakian manifold. Then X admits an
immersion into a Sasakian odd sphere S2n−1A as above. This immersion is
compatible with the contact structure on X, S2n−1A , and preserves the Reeb
field.
The existence of an effective U(1) action on a compact Riemannian mani-
fold imposes severe geometric and topological restrictions. From Proposition 4.6
we derive that any compact Sasakian manifold admits such an action. More
precisely:
Proposition 6.2: Any compact Sasakian manifold X has a deformation
which is isomorphic to a circle bundle over a projective orbifold. In partic-
ular, any Sasakian manifold admits an effective circle action.
We note that this result is in fact true in a more general context, for
K-contact manifolds, as proved in [Ru].
Recall that a compact manifold which has an effective circle action nec-
essarily has zero minimal volume (cf. [Gr]; we are thankful to Gilles Cour-
tois for explaining us this point). On the other hand, a compact manifold
which admits a metric of strictly negative sectional curvature must have
non-zero minimal volume, loc. cit. We obtain the following corollary, previ-
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ously proved in [BG2, Pr. 2.7] for K-contact manifolds and, using harmonic
maps, for Sasakian manifolds, in [Pe]:
Corollary 6.3: A compact Sasakian manifold cannot bear any Riemannian
metric of strictly negative sectional curvature.
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